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2-LOCAL DERIVATIONS ON THE SUPER VIRASORO
ALGEBRA AND SUPER W(2, 2) ALGEBRA
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Abstract: The present paper is devoted to study 2-local superderivations on
the super Virasoro algebra and the super W(2, 2) algebra. We prove that all 2-
local superderivations on the super Virasoro algebra as well as the super W(2, 2)
algebra are (global) superderivations.
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1. Introduction
In 1997, Sˇemrl [7] introduced the notion of 2-local derivations on algebras.
Namely, a map ∆ : L → L (not necessarily linear) on an algebra L is called a
2-local derivation if, for every pair of elements x, y ∈ L, there exists a derivation
Dx,y : L → L such that Dx,y(x) = ∆(x) and Dx,y(y) = ∆(y). For a given algebra
L, the main problem concerning these notions is to prove that they automatically
become derivations or to give examples of 2-local derivations of L, which are not
derivations. Solutions of such problems for finite-dimensional Lie algebras over
algebraically closed field of zero characteristic were obtained in [1]. Namely, in
[1] it is proved that every 2-local derivation on a semi-simple Lie algebra is a
derivation and that each finite-dimensional nilpotent Lie algebra with dimension
larger than two admits 2-local derivation which is not a derivation. Recently,
there are some studies on 2-local derivations on the infinite-dimensional Lie al-
gebras [2, 9, 10]. The authors prove that 2-local derivations on the Witt algebra
[2], some class of generalized Witt algebra (or their Borel subalgebras) [10] and
W-algebra W(2,2) [9] are derivations.
However, 2-local derivations for many Lie superalgebras are not studied up to
now. In the present paper, we study 2-local superderivations on some infinite-
dimensional Lie superalgebras.
This paper is arranged as follows. In Section 2, we give some preliminaries
concerning the super Virasoro algebra. In Section 3, we prove that every 2-local
superderivation on the super Virasoro algebra is automatically a superderivation.
In Section 4, we prove that every 2-local superderivation on the super W(2, 2)
algebra is also a superderivation.
Throughout this paper, we shall use C,Z to denote the sets of the complex
numbers and the integers, respectively. All algebras (vector spaces) are based on
the field C.
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2. Preliminaries
In this section we give some necessary definitions and preliminary results.
Definition 2.1. [5, 8] Let L be a Lie superalgebra, we call a linear map D : L→ L
a superderivation of L if
D([x, y]) = [D(x), y] + (−1)|D||x|[x,D(y)], ∀x, y ∈ L.
Denote by Der(L) and Derτ (L) the set of all superderivations and all su-
perderivations of degree τ of L (τ ∈ Z2), respectively. Obviously, Der(L) =
Der0(L)
⊕
Der1(L). For all a ∈ L, the map ad(a) on L defined as ad(a)x =
[a, x], x ∈ L is a superderivation and superderivations of this form are called in-
ner superderivations. Denote by IDer(L) the set of all inner superderivations of
L.
Recall that a map ∆ : L → L (not linear in general) is called a 2-local su-
perderivation if, for every pair of elements x, y ∈ L, there exists a superderivation
Dx,y : L→ L (depending on x, y) such that Dx,y(x) = ∆(x) and Dx,y(y) = ∆(y).
For a 2-local superderivation on L and k ∈ C, x ∈ L, we have
∆(kx) = Dx,kx(kx) = kDx,kx(x) = k∆(x).
Superconformal algebras have a long history in mathematical physics. The
simplest examples, after the Virasoro algebra itself (corresponding to N = 0)
are the N = 1 superconformal algebras: the Neveu-Schwarz algebra (ǫ = 1
2
) and
the Ramond algebra (ǫ = 0). These infinite dimensional Lie superalgebras are
also called the super-Virasoro algebras as they can be regarded as natural super
generalizations of the Virasoro algebra.
Definition 2.2. For ǫ = 0, 1
2
, the super Virasoro algebra SVir[ǫ] is a Lie super-
algebra spanned by {Lm, Gr, C | m ∈ Z, r ∈ Z + ǫ}, equipped with the following
relations:
[Lm, Ln] = (m− n)Lm+n +
1
12
δm+n,0(m
3 −m)C,
[Lm, Gr] = (
m
2
− r)Gm+r,
[Gr, Gs] = 2Lr+s +
1
3
δr+s,0(r
2 −
1
4
)C
for all m,n ∈ Z, r, s ∈ Z+ ǫ.
Lemma 2.3. [3] For the super Virasoro algebra, we have
Der(SVir[ǫ]) = IDer(SVir[ǫ]).
The even part of the super Virasoro algebra is the Virasoro algebra. In [2] and
[10], 2-local derivations over the Virasoro algebra are determined.
Theorem 2.4. [2, 10] Every 2-local derivation on the Virasoro algebra is a deriva-
tion.
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Based on the above methods, we do such researches for the super Virasoro
algebra and some related Lie superalgebras in this paper.
3. 2-Local superderivations on the super Virasoro algebra SVir[ǫ]
Now we shall give the main result concerning 2-local superderivations on the
super Virasoro algebra SVir[0].
Lemma 3.1. Let ∆ be a 2-local superderivation on the super Virasoro algebra
SVir[0]. Then for any x, y ∈ SVir[0], there exists a superderivation Dx,y of SVir[0]
such that Dx,y(x) = ∆(x), Dx,y(y) = ∆(y) and it can be written as
Dx,y = ad(
∑
k∈Z
(ak(x, y)Lk + bk(x, y)Gk)), (3.1)
where ak, bk(k ∈ Z) are complex-valued functions on SVir[0]× SVir[0].
Proof. By Lemma 2.3, the superderivation Dx,y can obviously be written as the
form of (3.1). 
Theorem 3.2. Every 2-local superderivation on the super Virasoro algebra SVir[0]
is a superderivation.
To prove Theorem 3.2, we need several lemmas.
Lemma 3.3. Let ∆ be a 2-local superderivation on SVir[0]. For a given i ∈ Z,
if ∆(Gi) = 0 then
DGi,y = ad(a2i(Gi, y)L2i), ∀y ∈ SVir[0], (3.2)
where a2i is a complex-valued function on SVir[0]× SVir[0].
Proof. By Lemma 3.1, we can assume that
DGi,y = ad(
∑
k∈Z
(ak(Gi, y)Lk + bk(Gi, y)Gk)) (3.3)
for some complex-valued functions ak, bk(k ∈ Z) on SVir[0]× SVir[0].
When ∆(Gi) = 0, in view of (3.3) we obtain
0 = ∆(Gi) = DGi,y(Gi)
= [
∑
k∈Z
(ak(Gi, y)Lk + bk(Gi, y)Gk), Gi]
=
∑
k∈Z
((
k
2
− i)ak(Gi, y)Gk+i + 2bk(Gi, y)Lk+i +
1
3
δk+i,0(k
2 −
1
4
)bk(Gi, y)C).
Then we have (k
2
− i)ak(Gi, y) = bk(Gi, y) = 0 for all k ∈ Z, which deduces
ak(Gi, y) = 0 with k 6= 2i and bk(Gi, y) = 0 for all k ∈ Z. This with (3.3) implies
that (3.2) holds. The proof is completed. 
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Lemma 3.4. Let ∆ be a 2-local superderivation on SVir[0] such that ∆(G0) =
∆(G1) = 0. Then
∆(Gi) = ∆(Li) = 0, ∀i ∈ Z.
Proof. Since ∆(G0) = ∆(G1) = 0, by using Lemma 3.3, for any y ∈ SVir[0], we
can assume that
DG0,y = ad(a0(G0, y)L0), (3.4)
DG1,y = ad(a2(G1, y)L2), (3.5)
where a0, a2 are complex-valued functions on SVir[0] × SVir[0]. Let i ∈ Z be a
fixed index. Taking y = Gi in (3.4) and (3.5) respectively, we get
∆(Gi) = DG0,Gi(Gi) = [a0(G0, Gi)L0, Gi] = −ia0(G0, Gi)Gi,
∆(Gi) = DG1,Gi(Gi) = [a2(G1, Gi)L2, Gi] = (1− i)a2(G1, Gi)Gi+2.
By the above two equations, we have
ia0(G0, Gi)Gi + (1− i)a2(G1, Gi)Gi+2 = 0,
which implies a0(G0, Gi) = 0 with i 6= 0 and a2(G1, Gi) = 0 with i 6= 1. It
concludes that ∆(Gi) = 0.
Similarly, setting y = Li in (3.4) and (3.5) respectively, we get
∆(Li) = DG0,Li(Li) = [a0(G0, Li)L0, Li] = −ia0(G0, Li)Li,
∆(Li) = DG1,Li(Li) = [a2(G1, Li)L2, Li] = a2(G1, Li)((2− i)Li+2 +
1
2
δi+2,0C).
By the above two equations, it follows that
ia0(G0, Li)Li + a2(G1, Li)((2− i)Li+2 +
1
2
δi+2,0C) = 0,
which implies a0(G0, Li) = 0 with i 6= 0 and a2(G1, Li) = 0 with i 6= 2. It
concludes that ∆(Li) = 0. The proof is finished. 
Lemma 3.5. Let ∆ be a 2-local superderivation on SVir[0] such that ∆(Gi) = 0
for all i ∈ Z. Then for any x =
∑
t∈Z(αtLt + βtGt) + aC ∈ SVir[0], where
αt, βt, a ∈ C, we have
∆(x) = 0.
Proof. For any x =
∑
t∈Z(αtLt + βtGt) + aC ∈ SVir[0], where αt, βt, a ∈ C, since
∆(Gi) = 0 for any i ∈ Z, from Lemma 3.3 we have
∆(x) = DGi,x(x) = [a2i(Gi, x)L2i, x]
=
∑
t∈Z
(αta2i(Gi, x)((2i− t)Lt+2i +
1
12
δ2i+t,0(8i
3 − 2i)C)
+(i− t)βta2i(Gi, x)Gt+2i).
By taking enough diffident i ∈ Z in the above equation and, if necessary, let these
i,s be large enough, we obtain that ∆(x) = 0. 
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Now we are to prove Theorem 3.2.
Proof of Theorem 3.2 : Let ∆ be a 2-local superderivation on SVir[0]. Take a
derivation DG0,G1 such that
∆(G0) = DG0,G1(G0), ∆(G1) = DG0,G1(G1).
Set ∆1 = ∆−DG0,G1. Then ∆1 is a 2-local superderivation such that ∆1(G0) =
∆1(G1) = 0. By Lemma 3.4, ∆1(Gi) = 0 for all i ∈ Z. It follows that ∆1 = 0.
Thus ∆ = DG0,G1 is a superderivation. The proof is completed. 
Using the similar method of proving Theorem 3.2, we can obtain the same
result for the super Virasoro algebra SVir[1
2
], and then we get the main result of
this section.
Theorem 3.6. Every 2-local superderivation on the super Virasoro algebra SVir[ǫ]
is a superderivation.
4. 2-local superderivation on the Super W(2, 2) algebra
In this section we shall study 2-local superderivations on the super W(2, 2)
algebra SW(2, 2), which is an infinite dimensional Lie superalgebra introduced
by I. Mandal to study the N = (1, 1) supersymmetric extension of Galilean
conformal algebra (SGCA) in 2d (see [4, 6]).
By definition, SW(2, 2) is a Lie superalgebra over C with a basis
{Lm, Im, Gm, Qm, C1, C2 | m ∈ Z}
and the following non-vanishing relations:
[Lm, Ln] = (m− n)Ln+m +
1
12
δm+n,0(m
3 −m)C1,
[Lm, In] = (m− n)Im+n +
1
12
δm+n,0(m
3 −m)C2,
[Lm, Gr] = (
m
2
− r)Gm+r, [Lm, Qr] = (
m
2
− r)Qm+r,
[Gr, Gs] = 2Lr+s +
1
3
δr+s,0(r
2 −
1
4
)C1,
[Gr, Qs] = 2Ir+s +
1
3
δr+s,0(r
2 −
1
4
)C2,
[Im, Gr] = (
m
2
− r)Qm+r
for all m,n, r, s ∈ Z.
Lemma 4.1. [4] For the Lie superalgebra SW(2, 2),
Der(SW(2, 2)) = IDer(SW(2, 2))
⊕
CD,
where D is an outer derivation defined by
D(Im) = Im, D(Qr) = Qr, D(C2) = C2, D(Lm) = D(Gr) = D(C1) = 0 (4.1)
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for all m, r ∈ Z.
Lemma 4.2. Let ∆ be a 2-local superderivation on SW(2, 2). Then for any x, y ∈
SW(2, 2), there exists a superderivation Dx,y of SW(2, 2) such that Dx,y(x) =
∆(x), Dx,y(y) = ∆(y) and it can be written as
Dx,y = ad
(∑
k∈Z
(ak(x, y)Lk + bk(x, y)Ik + ck(x, y)Gk + dk(x, y)Qk)
)
+ λ(x, y)D,
(4.2)
where ak, bk, ck, dk and λ are complex-valued functions on SW(2, 2) × SW(2, 2)
and D is given by (4.1).
Proof. By Lemma 4.1, the superderivation Dx,y can obviously be written as the
form of (4.2). 
Now we shall give the main result concerning 2-local superderivations on SW(2, 2).
Theorem 4.3. Every 2-local superderivation on SW(2, 2) is a superderivation.
To prove Theorem 4.3, we need several lemmas.
Lemma 4.4. Let ∆ be a 2-local superderivation on SW(2, 2).
(i) For a given r ∈ Z, if ∆(Gr) = 0, then for any y ∈ SW(2, 2),
DGr ,y = ad(a2r(Gr, y)L2r + b2r(Gr, y)I2r) + λ(Gr, y)D; (4.3)
(ii) If ∆(I0 +Q0) = 0, then for any y ∈ SW(2, 2) we have
DI0+Q0,y = ad(a0(I0 +Q0, y)L0 + a1(I0 +Q0, y)L1 +
∑
k∈Z
bk(I0 +Q0, y)Ik
+ c1(I0 +Q0, y)G1 +
∑
k∈Z
dk(I0 +Q0, y)Qk),
(4.4)
where a2r, b2r, a0, a1, c1, bk, dk(k ∈ Z) and λ are complex-valued functions on SW(2, 2)×
SW(2, 2).
Proof. By Lemma 4.2, we can assume that
DGr ,y = ad(
∑
k∈Z
(ak(Gr, y)Lk + bk(Gr, y)Ik + ck(Gr, y)Gk + dk(Gr, y)Qk))
+ λ(Gr, y)D,
(4.5)
DI0+Q0,y = ad(
∑
k∈Z
(ak(I0 +Q0, y)Lk + bk(I0 +Q0, y)Ik + ck(I0 +Q0, y)Gk
+ dk(I0 +Q0, y)Qk)) + λ(I0 +Q0, y)D,
(4.6)
where ak, bk, ck, dk and λ are complex-valued functions on SW(2, 2)× SW(2, 2).
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(i) When ∆(Gr) = 0, in view of (4.5) we obtain
0 = ∆(Gr) = DGr,y(Gr)
= [
∑
k∈Z
(ak(Gr, y)Lk + bk(Gr, y)Ik + ck(Gr, y)Gk + dk(Gr, y)Qk), Gr]
+λ(Gr, y)D(Gr)
=
∑
k∈Z
((
k
2
− r)ak(Gr, y)Gk+r + (
k
2
− r)bk(Gr, y)Qk+r + ck(Gr, y)(2Lk+r
+
1
3
δk+r,0(k
2 −
1
4
)C1) + dk(Gr, y)(2Ik+r +
1
3
δk+r,0(k
2 −
1
4
)C2))
From the above equation, we have (k
2
− r)ak(Gr, y) = (
k
2
− r)bk(Gr, y) = 0 for
all k ∈ Z, which deduces ak(Gr, y) = bk(Gr, y) = 0 with k 6= 2r. We also get
ck(Gr, y) = dk(Gr, y) = 0 for all k ∈ Z. Then Equation (4.3) holds.
(ii) When ∆(I0 +Q0) = 0, in view of (4.6) we obtain
0 = ∆(I0 +Q0) = DI0+Q0,y(I0 +Q0)
= [
∑
k∈Z
(ak(I0 +Q0, y)Lk + bk(I0 +Q0, y)Ik + ck(I0 +Q0, y)Gk
+dk(I0 +Q0, y)Qk), I0 +Q0] + λ(I0 +Q0, y)D(I0 +Q0)
=
∑
k∈Z
(kak(I0 +Q0, y) + 2ck(I0 +Q0, y))Ik
+
∑
k∈Z
(
k
2
ak(I0 +Q0, y) + kck(I0 +Q0, y))Qk
+
1
12
δk,0(k
3 − k)ak(I0 +Q0, y)C2 +
1
3
δk,0(k
2 −
1
4
)ck(I0 +Q0, y)C2
+λ(I0 +Q0, y)(I0 +Q0)
If k = 0, then 2c0(I0 + Q0, y)I0 + λ(I0 + Q0, y)I0 + λ(I0 + Q0, y)Q0 = 0, we
get λ(I0 + Q0, y) = c0(I0 + Q0, y) = 0 and a0(I0 + Q0, y) 6= 0. If k 6= 0, then
kak(I0 + Q0, y) + 2ck(I0 + Q0, y) = 0 and kck(I0 + Q0, y) +
k
2
ak(I0 + Q0, y) = 0,
we get ak(I0 + Q0, y) = ck(I0 + Q0, y) = 0 with k 6= 1. Then (4.4) holds. The
proof is completed. 
Lemma 4.5. Let ∆ be a 2-local superderivation on SW(2, 2) such that ∆(G0) =
∆(G1) = 0. Then
∆(Gi) = ∆(Li) = 0, ∀i ∈ Z.
Proof. It is essentially same as that of Lemma 3.4. Since ∆(G0) = ∆(G1) = 0,
by using Lemma 4.4, for any y ∈ SW(2, 2), we can assume that
DG0,y = ad(a0(G0, y)L0 + b0(G0, y)I0) + λ(G0, y)D, (4.7)
DG1,y = ad(a2(G1, y)L2 + b2(G1, y)I2) + λ(G1, y)D, (4.8)
8 MUNAYIM DILXAT, SHOULAN GAO, AND DONG LIU
where a0, a2, b0, b2, λ are complex-valued functions on SW(2, 2)× SW(2, 2).
Let i ∈ Z be a fixed index. Taking y = Gi in(4.7) and (4.8) respectively, we
get
∆(Gi) = DG0,Gi(Gi)
= [a0(G0, Gi)L0 + b0(G0, Gi)I0, Gi] + λ(G0, Gi)D(Gi)
= −ia0(G0, Gi)Gi − ib0(G0, Gi)Qi
and
∆(Gi) = DG1,Gi(Gi)
= [a2(G1, Gi)L2 + b2(G1, Gi)I2), Gi] + λ(G1, Gi)D(Gi)
= (1− i)a2(G1, Gi)Gi+2 + (1− i)b2(G1, Gi)Qi+2.
By the above two equations, it follows that
ia0(G0, Gi)Gi+ ib0(G0, Gi)Qi+(1− i)a2(G1, Gi)Gi+2+(1− i)b2(G1, Gi)Qi+2 = 0,
which implies a0(G0, Gi) = b0(G0, Gi) = 0 with i 6= 0 and a2(G1, Gi) = b2(G1, Gi) =
0 with i 6= 1. It concludes that ∆(Gi) = 0.
Similarly, setting y = Li we can also get ∆(Li) = 0. Taking y = Li in(4.7) and
(4.8) respectively, we get
∆(Li) = DG0,Li(Li)
= [a0(G0, Li)L0 + b0(G0, Li)I0, Li] + λ(G0, Li)D(Li)
= −ia0(G0, Li)Li − ib0(G0, Li)Ii
and
∆(Li) = DG1,Li(Li)
= [a2(G1, Li)L2 + b2(G1, Li)I2), Li] + λ(G1, Li)D(Li)
= a2(G1, Li)((2− i)Li+2 +
1
2
δi+2,0C1) + (2− i)b2(G1, Li)Ii+2.
By the above two equations, it follows that
ia0(G0, Li)Li + ib0(G0, Li)Ii + a2(G1, Li)((2− i)Li+2 +
1
2
δi+2,0C1)
+(2− i)b2(G1, Li)Ii+2 = 0,
which implies a0(G0, Li) = b0(G0, Li) = 0 with i 6= 0 and a2(G1, Li) = b2(G1, Li) =
0 with i 6= 2. It concludes that ∆(Li) = 0. The proof is finished. 
Lemma 4.6. Let ∆ be a 2-local superderivation on SW(2, 2) such that ∆(Gi) = 0
for all i ∈ Z. Then for any x =
∑
t∈Z(αtLt + βtIt + γtGt + δtQt) + aC1 + bC2 ∈
SW(2, 2), we have
∆(x) = µx
∑
t∈Z
(βtIt + δtQt) + bC2,
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where αt, βt, γt, δt, a, b, µx ∈ C.
Proof. For x =
∑
t∈Z(αtLt + βtIt + γtGt + δtQt) + aC1 + bC2 ∈ SW(2, 2), since
∆(Gi) = 0 for any i ∈ Z, from Lemma 4.4 we have
∆(x) = DGi,x(x) = [a2i(Gi, x)L2i + b2i(Gi, x)I2i, x] + λ(Gi, x)D(x)
=
∑
t∈Z αta2i(Gi, x)((2i− t)L2i+t +
1
6
δ2i+t,0(4i
3 − i)C1)
+
∑
t∈Z αtb2i(Gi, x)((2i− t)I2i+t +
1
6
δ2i+t,0(4i
3 − i)C2)
+
∑
t∈Z βta2i(Gi, x)((2i− t)I2i+t +
1
6
δ2i+t,0(4i
3 − i)C2)
+
∑
t∈Z((i− t)γta2i(Gi, x)G2i+t + ((i− t)δta2i(Gi, x) + γtb2i(Gi, x))Q2i+t)
+
∑
t∈Z λ(Gi, x)(βtIt + δtQt) + bC2.
By taking enough diffident i ∈ Z in the above equation and, if necessary, let
these i,s be large enough, we obtain that ∆(x) = µx
∑
t∈Z(βtIt + δtQt) + bC2.
Furthermore, µx = λ(Gi, x) is a constant since it is independent on i. 
Lemma 4.7. Let ∆ be a 2-local superderivation on SW(2, 2) such that ∆(Gi) = 0
and ∆(I0 +Q0) = 0 for all i ∈ Z. Then for any odd integer p and y ∈ SW(2, 2),
there exist some ζyp , η
y
p ∈ C such that
DLp+I2p+Q2p,y = ad(ζ
y
pLp + η
y
pIp + ζ
y
p I2p + ζ
y
pQ2p).
Proof. By ∆(Gi) = 0 for all i ∈ Z and Lemma 4.6, we have
∆(Lp + I2p +Q2p) = µLp+I2p+Q2p(I2p +Q2p), (4.9)
where µLp+I2p+Q2p ∈ C. In view of ∆(I0+Q0) = 0 and Lemma 4.4, we know that
(x = Lp + I2p +Q2p)
∆(Lp + I2p +Q2p)
= DI0+Q0,Lp+I2p+Q2p(Lp + I2p +Q2p)
= [a0(I0 +Q0, x)L0 + a1(I0 +Q0, x)L1 +
∑
k∈Z bk(I0 +Q0, x)Ik
+c1(I0 +Q0, x)G1 +
∑
k∈Z dk(I0 +Q0, x)Qk, Lp + I2p +Q2p]
= −pa0(I0 + Q0, x)(Lp + 2I2p + 2Q2p)
+a1(I0 +Q0, x)((1− p)Lp+1 + (1− 2p)I2p+1 + (
1
2
− 2p)Q2p+1)
+
∑
k∈Z(k − p)bk(I0 +Q0, x)Ip+k + c1(I0 +Q0, x)((1−
p
2
)Gp+1
+(1− p)Q2p+1 + 2I2p+1) +
∑
k∈Z(k −
p
2
)dk(I0 +Q0, x)Qk+p.
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Together with (4.9), we get
µLp+I2p+Q2p(I2p +Q2p)
= −pa0(I0 +Q0, x)(Lp + 2I2p + 2Q2p)
+a1(I0 +Q0, x)((1− p)Lp+1 + (1− 2p)I2p+1 + (
1
2
− 2p)Q2p+1)
+
∑
k∈Z(k − p)bk(I0 +Q0, x)Ip+k + c1(I0 +Q0, x)((1−
p
2
)Gp+1
+(1− p)Q2p+1 + 2I2p+1) +
∑
k∈Z(k −
p
2
)dk(I0 +Q0, x)Qk+p.
From the above equation we can easily see that a0(I0+Q0, x) = 0. Next, observe
the coefficient of I2p, and then we get µLp+I2p+Q2p = 0. So it follows that
∆(Lp + I2p +Q2p) = 0. (4.10)
Next, for any y ∈ SW(2, 2), by Lemma 4.2, we can assume that
DLp+I2p+Q2p,y
= ad(
∑
k∈Z
(ak(Lp + I2p +Q2p, y)Lk + bk(Lp + I2p
+Q2p, y)Ik + ck(Lp + I2p +Q2p, y)Gk + dk(Lp + I2p +Q2p, y)Qk))
+ λ(Lp + I2p +Q2p, y)D.
(4.11)
From (4.10) and (4.11), we have (x = Lp + I2p +Q2p)
∆(x) = Dx,y(x)
= [
∑
k∈Z(ak(x, y)Lk + bk(x, y)Ik + ck(x, y)Gk + dk(x, y)Qk), x]
+λ(x, y)D(x)
=
∑
k∈Z ak(x, y)((k − p)Lp+k +
1
12
δp+k,0(k
3 − k)C1 + (k − 2p)Ik+2p
+ 1
12
δ2p+k,0(k
3 − k)C2 + (
k
2
− 2p)Qk+2p) +
∑
k∈Z bk(x, y)((k − p)Ip+k
+ 1
12
δp+k,0(k
3 − k)C2) +
∑
k∈Z ck(x, y)(2I2p+k +
1
3
δ2p+k,0(k
2 − 1
4
)C2
+(k − p
2
)Gp+k + (k − p)Qk+2p) +
∑
k∈Z(k −
p
2
)dk(x, y)Qk+p
+λ(x, y)(I2p +Q2p) = 0.
From this, it is easy to see that (k − p)ak(x, y)Lk+p = 0 for all k ∈ Z. So
ak(x, y) = 0 for all k 6= p. Similarly, (k−
p
2
)ck(x, y)Gp+k = 0 for all k ∈ Z. Hence
ck(x, y) = 0. Using this conclusion and observing the coefficients of I3p, Q3p in
the above equation, we get
−pap(x, y) + (2p− p)b2p(x, y) = 0,
(
p
2
− 2p)ap(x, y) + (2p−
p
2
)d2p(x, y) = 0,
which implies ap(x, y) = b2p(x, y) = d2p(x, y). Furthermore, by observing the
coefficient of Ik, k 6= 3p in the above equation we get λ(x, y) = 0 and bk(x, y) = 0
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for all k 6= p, 2p. Observing the coefficient of Qk, k 6= 3p in the above equation,
we get dk(x, y) = 0 for all k 6= 2p. Finally, set ζ
y
p = ap(x, y), η
y
p = bp(x, y), and
then we finish the proof. 
Lemma 4.8. Let ∆ be a 2-local superderivation on SW(2, 2) such that ∆(G0) =
∆(G1) = ∆(I0 +Q0) = 0. Then ∆(x) = 0 for all x ∈ SW(2, 2).
Proof. Take any but fixed x =
∑
t∈Z(αtLt + βtIt + γtGt + δtQt) + aC1 + bC2 ∈
SW(2, 2), where αt, βt, γt, δt, a, b ∈ C for any t ∈ Z.
Since ∆(G0) = ∆(G1) = 0, it follows by Lemma 4.5 that
∆(Gi) = 0, ∀i ∈ Z. (4.12)
This, together with Lemma 4.6, gives
∆(x) = ∆(
∑
t∈Z
(αtLt + βtIt + γtGt + δtQt) + aC1 + bC2)
= µx
∑
t∈Z
(βtIt + δtQt) + bC2
(4.13)
for some µx ∈ C. By (4.12) and ∆(I0 +Q0) = 0, we obtain by Lemma 4.7 that
∆(x) = DLp+I2p+Q2p,x(x)
= [ζxpLp + η
x
pIp + ζ
x
p I2p + ζ
x
pQ2p,∑
t∈Z
(αtLt + βtIt + γtGt + δtQt) + aC1 + bC2]
=
∑
t∈Z
ζxpαt((p− t)Lt+p +
1
12
δp+t,0(p
3 − p)C1)
+
∑
t∈Z
ζxpβt((p− t)It+p +
1
12
δp+t,0(p
3 − p)C2)
+
∑
t∈Z
ηxpαt((p− t)It+p +
1
12
δp+t,0(p
3 − p)C2)
+
∑
t∈Z
ζxpαt((2p− t)It+2p +
1
12
δp+t,0(8p
3 − 2p)C2)
+
∑
t∈Z
ζxp γt(2It+2p +
1
3
δ2p+t,0(4p
2 −
1
4
)C2)
+
∑
t∈Z
(
p
2
− t)ζxp γtGt+p
+
∑
t∈Z
((
p
2
− t)ζxp δt + (
p
2
− t)ηxpγt)Qt+p
+
∑
t∈Z
((p− t)ζxp γt + (2p−
t
2
)ζxpαt)Qt+2p.
(4.14)
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Next the proof is divided into two cases according to the cases of (αt)t∈Z and
(γt)t∈Z.
Case 1. (αt)t∈Z is not a zero sequence, i.e., x =
∑
t∈Z(αtLt + βtIt + γtGt +
δtQt) + aC1 + bC2. Hence there is a nonzero term αt0Lt0 in x =
∑
t∈Z(αtLt +
βtIt + γtGt + δtQt) + aC1 + bC2 for some t0 ∈ Z. Take two integers p = p1 and
p = p2 in (4.14) such that pi − t0 6= 0, i = 1, 2, then by (pi − t0)ζ
x
pi
αt0Lpi+t0 = 0
in (4.14) we have ζxpi = 0. By (4.13) and (4.14), we have
∆(x) = µx
∑
t∈Z(βtIt + δtQt) + bC2
=
∑
t∈Z η
x
pi
αt((pi − t)It+pi +
1
12
δpi+t,0(p
3
i − pi)C2)
+(pi
2
− t)ηxpiγtQpi+t), i = 1, 2.
Hence
µx
∑
t∈Z
βtIt =
∑
t∈Z
ηxpiαt((pi − t)It+pi +
1
12
δpi+t,0(p
3
i − pi)C2),
µx
∑
t∈Z
δtQt =
∑
t∈Z
(
pi
2
− t)ηxpiγtQpi+t, i = 1, 2.
By taking p1 and p2 in the above equation such that p1, p2, p1 − p2 are large
enough, we see that ∆(x) = 0.
Case 2. (αt)t∈Z is a zero sequence, i.e., x =
∑
t∈Z(βtIt+γtGt+δtQt)+aC1+bC2.
Subcase 2.1. If (γt)t∈Z is not a zero sequence, there is a nonzero term γt0Gt0 in
x =
∑
t∈Z(βtIt+γtGt+δtQt)+aC1+bC2 for some t0 ∈ Z. Take two integers p = p1
and p = p2 in (4.14) such that
pi
2
−t0 6= 0, i = 1, 2, then by (
pi
2
−t0)ζ
x
pi
γt0Gpi+t0 = 0
in (4.14) we have ζxpi = 0. By (4.13) and (4.14), we have
∆(x) = µx
∑
t∈Z(βtIt + δtQt) + bC2 =
∑
t∈Z(
pi
2
− t)ηxpiγtQpi+t, i = 1, 2.
Hence ∆(x) = 0.
Subcase 2.2. If (γt)t∈Z is a zero sequence, i.e., x =
∑
t∈Z(βtIt+ δtQt)+ aC1+
bC2. Then by (4.13) and (4.14) we have
∆(x) = µx
∑
t∈Z(βtIt + δtQt) + bC2
=
∑
t∈Z(ζ
x
pβt((p− t)It+p +
1
12
δp+t,0(p
3 − p)C2) + (
p
2
− t)ζxp δtQp+t).
By taking enough diffident p in the above equation and, if necessary, let these p′s
be large enough, we obtain that ∆(x) = 0. The proof is completed. 
Now we are to prove Theorem 4.3.
Proof of Theorem 4.3 : Let ∆ be a 2-local superderivation on SW(2, 2). Take
a superderivation DG0,G1 such that
∆(G0) = DG0,G1(G0), ∆(G1) = DG0,G1(G1).
Set ∆1 = ∆−DG0,G1. Then ∆1 is a 2-local superderivation such that ∆1(G0) =
∆1(G1) = 0. By Lemma 4.5, ∆1(Gi) = 0 for all i ∈ Z. Combining with Lemma
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4.6, we have ∆1(I0 + Q0) = µI0+Q0(I0 + Q0) for some µI0+Q0 ∈ C. Now, set
∆2 = ∆1 − µI0+Q0D, then ∆2 is a 2-local derivation such that
∆2(G0) = ∆1(G0)− µI0+Q0D(G0) = 0,
∆2(G1) = ∆1(G1)− µI0+Q0D(G1) = 0,
∆2(I0 +Q0) = ∆1(I0 +Q0)− µI0+Q0D(I0 +Q0)
= µI0+Q0(I0 +Q0)− µI0+Q0(I0 +Q0) = 0.
By Lemma 4.8, it follows that ∆2 = ∆ − DG0,G1 − µI0+Q0D ≡ 0. Thus ∆ =
DG0,G1 + µI0+Q0D is a superderivation. The proof is completed. 
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